
SOLUTION SHEET 6 :

(1) Let F= #pe for some prime p and natural number eso
.

Let GeAutF)
be a non-trivial automorphism of finite order n . By taking powers of o

we may assume that his prime .
Let Xe # such that O(X1*X.

Then Epe(X) = #per for some 70. As Aped#per is normal
,
o restricts

toon automorphism O' of #per. Note that o' is non trivial as X+ per
this the order of o' is also n

.
Let K be the fixed field of O and

notice that [IFpe(X) : Ape(x)1k] = n because IFpe(X)1K= IFpeLX) o"

let m= r. e and E = 1 pem2Ape(X) .

Then Ge is ace again a non-trivial

automorphism .
Moreover IE : ElK]= n as before .

But EpelX) isthe only
subfield of E with [E : #pe(X1] in this shows that pe(x) = Enk

=> XEK which is contradiction
.
This shows that every non-trivial element

in Autf(F) has infinite order.

Now lets snow that ArtFlF) is abelian
.
LetO, SEArtz(F) and suppose that

there exists XCF Such that (08 - Sot(X) +0
.

Consider the field extension FCF(X)
.
As before OF(1 , SIFEGallFYI

But Gal(F(x)/ F) is cyclic /so abetical thus

(01F(X)SIF(X) - SIFOTF(x) (X)= 0 which is a contradiction
-

(2)(i)We can write

GEIneIX-XY/uZ for NitI .

by Dirichlet's theorem there exist a prime number p: such that

Pi = KiRi + 1 for some kiEIN i . e. MilPi-1. As (E/piZX is a cyclic
group of order pi-1 there existe a subgroup Hi of order ki and
we have /niz = /piZH ;

and

GE/peEMX-X(/ulYHr
Note that

TRIpze)Y = (E/pe . -
- pu)Y thus G is a quotient group of

A := (4/1 . --pu)X and we write GEA/H for some H & A.

Define mi= P1. --Pl and let & beon oth root of unil
Then Gal(Q()/QE (2/m2) * and QEQ() is t is
Take HGal (QE)/Q) as above. Then QEQEIt is Galois and

Gal(Q(EIM/Q) = (*/mY) X/ H = A/HEG and we are done
.

(ii) Note that by Dirichlets theorem there exists infinitely prime pi such that

Pi = Kini + 1 .

Thisshows that there are infinitely many extensions &L

such that Gal(L/QI = G . By the primitive element theorem
,

write

K=Q(X) and define L= L'(d). Notice that KIL is normal indeed

QEL' is normal so L'is the Splitting field of a polynomial therefore
SacrabteL'() is the splitting field of the same polynomial . It is clearly Y

conas characteristic is O
- Therefore QUIEL'Il is Galois

.
Moreover it

be seen that Gall L'(d)/Q1) Es Galla) nece we are done.

o O



13) Let E be on alg .
closure of K .

Then E is given by the union of all the

intermediate finite extensions KILEE. For such an extension (wehave

that Gall (k) = <G) as Gall4KI is cyclic . Define
Autu(k) by = F. Let us show thatE= K

.

Let XR such that (X)=X
.
As KEK(X1 is a finite extension

X = f(x) = 0x(x)(X) = Xk(X)0k() = K
.

Caution : One should show thatE is well defined ,
that is for XEL1L

where L ,L are finite extensions of K we should show that OL(X) = Op(X)
.

As every Galois group is cyclic and this abelian we have that REK(X)
is also a cyclic extension.

Then (x1 = O (x) = 0 (X).



(4((i) The containment imTCK is clear as The) is fixed by the action of
Gall4k) and KEL is Galois

.
The additivity is a consequence of geG

being field homomorphisms.

(ii) In this case write TIP) = Egegg(1) = [Edi() = f+ +(f) + off) +
-

+o+ (9)
Now it is clear that im1o-id u )[Ker (T) · Suppose that fokert and let
X = f+ (f+o()) + (f+ +(1) + 0211) +

-
+ (f+o() + - + on -11))

.

then X-o(x) = (f- tell + 11- 02+) + -
+ (1- on- (e)) + (- 7)

= n .
f - (f+ (f) +021) + - +on- (f) = n-f

Thus taking
-

I works .

(3) Suppose that QE)[Q(w) where w is an nth root of unity for some n.

Note that QQ(w) is Gabis
.

Moreover Gal(Q(W)/Q) is Abelian
.

As Q(3) is an intermediate extension JH(GallQu//@) Such that
Q52) = Qw)H

.

But as Gal(QU)/Q) is Abelian His normal which implies
that QQ(3) is Galois

.
This is a contradiction

.

(6) Suppose that there is a non-real root zeDVR.
Then E is also a root

.

This shows thatacts non-trivially on the rooks off this has order 2 in

Gal(LIQ)
. However GullL/Q) = C which do not contain on element of order

2.

(7) (i) Let F be the normal closure of LIG) of K .
This is obtained by adjoining

Lla) all the roots of the minimal polynomial of a over K.
Let us show that Lk/norm = LIX

,
11

.

Firstof all note that the polynomial H(x)= (x
= B)(xz-o(B1)(X2-o2(BI)

is in R[X]
.
Indeed all of its coefficients are invariant under the action of

Gal4kI
. Therefore MaikIH(X) and the roots of mak are contained in

& 8(1
,
1821which arethe roots of H(x1 .

Moreover note that the only roots

ofMaikCan't be <and -a as BeK therefore either Ole (k)
norm

or o2(416(1)norm. In both cases by the identity,
20(x28(x2= BOLB102(B) = 1 we have that

disk)e ((x norm
, by the same identity we have that all the roots of

H(X) are contained in ((x,01x1).This shows that (1x , 0111= Lixmorm

Now Let usCompute Gal(((xi5k))/K)
.

First of all

[( ,ok)l : k] = [LIxioll : (11] . (L191 : L] ·
[L : K]

= [L(d , Scall : ((x))
·

2
- 3

Moreover old is a root of X2-o(B) and L(x1 + ((drom = L(x ,S1)

therefore [L(x ,(1) : L1d1] =2 and (Gal(((x15K1/KII = 12
.

As LK1/K is not Galois (as it is not normall Gall(Idio/KI is not abelian
.

Now the 2-sylow group is normal as YK is Galois Looking at the

classification of finite groups oforder 12 we see that Gall (14,/KI = A4.



(ii) We think of Las on intermediate extension, QLCQ(Ex)
Recall that Gal(QEz)/Q) = (217*)* = 4/62 and it is generated by

0 : 37 + 37 &

3
Then L is given by the fixed field of Sid ,

03).
And Gal(2/Q) = Gal(QEz)/Q)/id ,03) = Sid ,

0, 027
(*)

It remains to show that (27 +3) . (3 + 3) . ) [2+ 3) = 1

(*) = (2) + 33 + Ez+ [E)(EE + 3) = (28 + 2 +2+ 3 + 32+ 3 + 2+ 3)

Now we know thatE7 is a root of XP+X3+X4+x*+ x2+ 1 therefore
the above expression is indeed equat to 1

.


